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ABSTRACT Circulant orbitals An for a closed-shell system
are the orbitals obtained when the N canonical orthonormal
Hartree-Fock orbitals At are subjected to a unitary transfor-
nttion which. is the discrete Fourier transformation: An = 1/
V^N IeA I(n Il),") where w = exp(21ii/N). Electron densities
associated with the orbitals on are each close to the average total
electron density. The Fock matrix, diagonal for canonical orbitals,
for circulant orbitals is a Hermitian circulant matrix, Emm+q =
1/N 8e0q~ 1), where the e are the canonical orbital energies.
The states F'On are uniformfy distributed on the surface of a
sphere in Hilbert space.
The invariance of a Hartree-Fock wave function for a closed-
shell atomic or molecular system to a unitary transformation of
occupied orbitals is well known, and it has been much exploited
to define and elucidate spectroscopic (canonical) orbitals on the
one hand (1) and localized orbitals on the other (2). Herein is
described another such transformation, the transformation to
circulant orbitals.
Definition
Consider the Hartree-Fock wave function for a system of 2N
electrons, the single determinant
1
V(2N)!
The Hartree-Fock orbitals {i/k are orthonormal, and they satisfy
the Hartree-Fock equations,
Fit = k/kEkI' [2]
where the Lagrangian multipliers Et' are elements of a Her-
mitian matrix EP. Function 1 is invariant under a unitary trans-
formation of the orbitals Oik to new orthonormal orbitals 44,,,
Im'n = kt/kkUkm, UtU = 1 [3]
The 44 satisfy Hartree-Fock equations
F~im' = :MMEm4 n [4]
where
E* = Ute4U. [5]
The operator is the same in Eqs. 2 and 4.
Canonical or spectroscopic orbitals are orbitals XA that diago-
nalize E,
FAe = AfE (AkIlIAd = SkfEf [6]
The "orbital energies" Ee are excellent approximations to ioni-
zation potentials, but for the description of the system of in-
terest there is no inherent reason to prefer the orbitals Ae to
[1]
other choices or orbitals. Eqs. 6 determine the Af up to arbitrary
phase factors in each.
Circulant orbitals are orbitals 4n that are such that the matrix
E is a Hermitian, circulant matrix-that is, a Hermitian matrix
in which every row is a permutation of the one before (3). In










Em +q N eEe(o [10]
That is, e" is a circulant matrix. Note that, in general, both the
circulant orbitals 4 and the circulant matrix Ed0 are complex.
The N circulant orbitals are degenerate solutions of one Har-
tree-Fock equation,
[11]Fn = OnE + > (4An+q Enrn+q
q=l
Here, all indices are to be reduced modulo N, and the diagonal
elements of ed have all been set equal to their common value
in terms of the canonical orbital energies, the average. For the
purposes of the present paper, Eq. 7 defines circulant orbitals.
Examples
As a first example, consider the 1s22S2 configuration of atomic
Be, with real canonical Hartree-Fock orbitals (is) and (2s). The
total electron density per electron, p = 1/2 [(ls)2 + (2s)2], dif-
fers markedly from the component densities (ls)2 and (2s)2
which describe the "inner" and "outer" parts of the atom, re-
spectively. But the two corresponding circulant orbitals, USE
= 1/V2 [(Is) + (2s)] and 42 = 1/V2 [(is) - (2s)], have elec-
tron densities each looking very much like p-namely, (41)2
= p + (is) (2s) and (42)2 = - (is) (2s). And if one makes the
apparently trivial change of including a phase factor i in the
second canonical orbital, the two circulant orbitals become
= - [(is) + i (2s)],I)2 = - (2s)], [12]A V2 (s
each with precisely the same electron density, 1k112 = 10212 =
p. No distinction between inner or outer regions of the atom
remains.
Second, consider the atom Kr, with electron configuration
1323
4ij(l)a(l) 411(AG(l) ... 41001)
4i,(2)a(2) qil(2),8(2) ... 4iN(2)13(2)
qil(2N)a(2N) qil(2N)P(2N) ... qiv(2N)13(2N)
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(iS)2 (28)2 (2p)6 (3S)2 (3p)6 (3d)'0 (4S)2 (4p)6. Fig. 1 shows the
spherically averaged electron densities D(4im) fpmr2ddk as-
sociated with the 18 circulant orbitals obtained by applying
transformation 7 to the canonical orbitals. Similarly, Fig. 2
shows the densities for the six circulant orbitals for the (ls)2 (2s)2
(2p)6 (35)2 configuration of Mg.
The remarkable general features of atomic circulant orbitals
are evident from the figures. Their densities vary more or less
sinusoidally and not too strongly about the mean total electron
density p. Both near the nucleus.and far from it their densities
become the same, equal to p.
Properties
The most important elementary properties of the circulant or-
bital transformation are the following, proofs of which are im-
mediate consequences of the fact that the sum of any set of
distinct Nth roots of unity is zero.
Property 1. The expectation value of the Hartree-Fock op-
erator is the same for all circulant orbitals, equal to the average
E of the canonical Hartree-Fock orbital energies:
(4mIPIOm) = Iee = . [13]N
-
Property 2. The norm of Fil4m is the same for all circulant
orbitals, equal to the average 7 of the square of the canonical
Hartree-Fock orbital energies:
[14]F=-me= 2N.
Property 3. The mth circulant orbital electron density pa
= I4ml2 is related to the average total electron density p =
(1/N) lmP~m by the formula
p= p [cos ( N(mN ) Re(IkAt'Ak+q)
- sin(2g(m- 1)) Im(>, Ak Ak+q)] [15]
Note the oscillatory nature of the correction terms on the right
and the unlikelihood that they will be large and negative enough
in any given case to produce nodes in the densities pA.
Property 4. Define the mean square distance between
Fqik and Fqe by Ate = ((Fqik- F i(Fq -Fk-Foe)) and the mean
square distance between all Fqi values by
0 1.00 2.00 3.00
FIG. 1. Spherically averaged densities for the circulant orbitals of krypton, D(4,m) = fpmr2dfl.
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FIG. 2. Spherically averaged densities for the circulant orbitals of magnesium, D(4'm) = fpmr2df.
A = 2 E g,
N(N - 1)k<
Then, for the circulant orbital set X, the mean square distance
is
,AO = 2~E Ee = 2 E2'.N - 1 e 2'
for any qi. To do this, let V be the unitary transformation which
[16] takes the canonical set of orbitals A into the arbitrary set qr.
[19]
[17]
That is, AO is twice the average of the squares of the canonical
Hartree-Fock orbital energies, leaving out the first. The cor-
responding quantity for canonical Hartree-Fock orbitals, AA,
has the value 2e2.
Property 4 hints at the most important property of circulant
orbitals-that they may always be chosen so as to minimize the
average distance between F40 values. Order the canonical or-
bitals ok so that the first has the lowest Ek (highest IEdI). Then
one has the following theorem:
STATIONARY PRINCIPLE. The circulant orbitals defined by
Eq. 7 minimize the mean square distance AO\ of 16.
In view of 17, to prove the stationary principle it will be suf-
ficient to prove that
(Pk OVAVk-
Then
Ate = ((Y-(VNik - Vi)EikAi)(Vik -Vie)-iAd)
= ilVikV12 + lVie2 - 2Re(VlVi,)]E2,
so that
2








0 -< t-kVkI = 1 + 2 E Re(V Vkie),
kce
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[23]
As4 2> AX [18]
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there now results
0=2ji Et N+ _4l)E Ii Re(VjVie)(E2-e_)
N N(N-l1)k,,[ 2fE t)
N(N-1)+ 1 + 2 1: Re(VjV~) (e2 - E~) [24]
.hs
which is the desired result.
DISCUSSION
England and Ruedenberg (4) have already pointed out that some
(and, by implication, all) of the diagonal elements in an E matrix
could be made equal, and they used the term "homogeneous
localization" to describe the family of such orbital transforma-
tions. Within this family, the present work considers the unique
discrete Fourier transformations defined by Eq. 7. The struc-
ture of the Fock matrix which results demands the name "cir-
culant orbitals" for the resulting orbitals.
Circulant orbitals have densities each everywhere close to
the average total electron density and in that sense are highly
delocalized. More quantitatively, the properties manifest in
Eqs. 11, 13, 14, 15, and especially 18 mean that circulant or-
bitals are as similar as possible to each other in the sense mea-
sured by the quantities F4n and the distances between them.
The states F4n have the remarkable property that they are uni-
formly distributed on the surface of a sphere of radius (E2)12
in Hilbert space.
The present work implies that searches for localized orbitals
in atoms and molecules (2) should no longer be restricted to
searches for real orbitals. Circulant orbitals themselves should
be extremely useful in studying the transition between and re-
lations among orbital theories and density functional theories
of electronic structure of atoms and molecules (5, 6).
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